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Abstract
The review of star-product formalism providing the possibility to describe quan-
tum states and quantum observables by means of the functions called symbols of
operators which are obtained by means of bijective maps of the operators acting
in Hilbert space onto these functions is presented. Examples of the Wigner-Weyl
symbols (like Wigner quasi-distributions) and tomographic probability distribu-
tions (symplectic, optical and photon-number tomograms) identified with the
states of the quantum systems are discussed. Properties of quantizer-dequantizer
operators which are needed to construct the bijective maps of two operators
(quantum observables) onto the symbols of the operators are studied. The re-
lation of the structure constants of the associative star-product of the operator
symbols to the quantizer-dequantizer operators is reviewed.
Keywords: star-product quantization, tomographic probability representation, Weyl
symbol, photon-number tomography.
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1 Introduction
In classical mechanics and in classical statistical physics as well as in electromagnetic
field theory the observables are described by the functions of positions and momenta
like energy of a particle or of the spatial coordinates and time like strength of elec-
tric or magnetic field. The product of these functions is standard point-wise prod-
uct which is commutative and associative. It means that the product of two func-
tions, e. g. f1(q, p) and f2(q, p) gives the function F12(q, p) = f1(q, p)f˙2(q, p) and
F21(q, p) = F12(q, p) as well as the product of three functions satisfies the associativity
condition (f1(q, p)f2(q, p)) f3(q, p) = f1(q, p) (f2(q, p)f3(q, p)). If one has the function
f(x) the product can be expressed by means of the formula
f1(x)f2(x) =
∫
δ(x− x1)δ(x− x2)f1(x1)f2(x2) dx1 dx2, (1)
where δ(y) with y = x − xk, k = 1, 2 is Dirac delta function. The formula can be
rewritten in generic form
(f1 ∗ f2)(x) =
∫
K(x1,x2,x)f1(x1)f2(x2) dx1dx2. (2)
where K(x1,x2,x) is the kernel of the form
K(x1,x2,x) = δ(x− x1)δ(x− x2). (3)
This kernel provides the properties of the point-wise products commutativity and as-
sociativity. The generic star-product of the functions which is not commutative but
associative can be described by other kinds of kernels called structure constants of the
associative product. If the variables x take discrete values either in finite or infinite do-
mains the Dirac delta functions in (1), (2), (3) are replaced by Kronecker delta symbols
and integral in (2) is replaced by sum over the discrete variables. In quantum mechanics
and quantum field theory the states and observables are associated with operators. For
example the quantum oscillator position is described by position operator qˆ which acts
on the wave function ψ(x) in position representation as qˆψ(x) = xψ(x). The momen-
tum of the system is described by the operator pˆ which acts on the wave function as
2
pˆψ(x) = −ih¯∂ψ(x)
∂x
, where h¯ is Planck constant. The product of position and momentum
is non-commutative which is expressed as property of commutator for these physical
observables [pˆ, qˆ] = pˆqˆ − qˆpˆ = −ih¯1ˆ. This property provides the uncertainty relation
for position and momentum by Heisenberg [1] and by Schro¨dinger [2] and Robertson
[3]. The physical meaning of the uncertainty relation is contained in the fact that one
can not measure position and momentum of the oscillator simultaneously. The idea to
introduce the formalism of star-product to describe the quantum phenomenon is: to
find the bijective map of operators onto the functions. Then one can make the calcu-
lations using these functions. The product of operators is known to be associative, i.e.
(AˆBˆ)Cˆ = Aˆ(BˆCˆ). If one constructs the map of the functions associated with the oper-
ators the functions must be multiplied according to the formulas (2) with some kernels
which are not given in the form (3) but have another form to violate the commutativity
but preserve the associativity conditions.
The aim of our work is to give the review of available different kinds of the star-
product of the functions and to construct a generic scheme of quantizer-dequantizer
operators used to find the kernels of star-products. In fact, the different forms of
star-product of the functions correspond to different representations of the operators
identified with the operators of physical observables. The different aspects of mathe-
matical formalism of quantum mechanics were discussed in [4] and [5]. In [4] was shown
that there exists a bijective relation between monotone quantum metrics associated
with different operator monotone functions. In [5] various Euclidean, hyperbolic and
elliptic analytic representations are introduced and relations among them are discussed.
The work is organized as follows. In Section 2 following [6, 7, 8] we review general
scheme of quantization based on star-product of functions without concrete realization
of the map of operators onto functions and discuss the expression for the kernel of
star-product in terms of quantizaer-dequantizer operators. In Section 3 we discuss the
quantum observables and their connection with dual quantization scheme. In Section
4 we review the notion of Wigner function and the quantizer-dequantizer operators
for the Wigner-Weyl symbols of the operators. In Section 5 we discuss the symplectic
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and optical tomographic state representation. In Section 6 we review the tomographic
symbols of operators, dual tomographic symbols of operators and mean values of quan-
tum observables in the framework of star-product quantization scheme. In Section 7
we review the photon number tomography as an example of star-product quantization
scheme. In Section 8 we discuss the relation of optical tomogram and photon-number
tomogram. In Section 9 we review classical tomographic symbols. In Section 10 we dis-
cuss the star-product kernel of classical tomographic symbols and its connection with
quantum ones. In Sec. 11 we give perspectives and conclusions.
2 General scheme
In quantum mechanics, observables are described by operators acting in the Hilbert
space of states. In classical mechanics they are described by c-number functions. Let
us rise a problem, how to describe quantum observable in classical–like way. In order to
solve this problem we review first a general construction and provide general relations
and properties of a map of operators onto functions without a concrete realization of
the map. Following [6], [7], [8], let us consider an operator Aˆ acting in a Hilbert space.
We construct the function fAˆ(x) of vector variables x = (x1, x2, . . . , xn), supposing that
we have a set of operators Uˆ(x) acting in Hilbert space such that
fAˆ(x) = Tr
[
AˆUˆ(x)
]
. (4)
The operator Uˆ(x) is called dequantizer [8] due to it maps operator Aˆ onto the function.
The function fAˆ(x) is called symbol of the operator Aˆ. Let us suppose that operators
Dˆ(x) acting in Hilbert space exist and the relation (4) has an inverse. The map from
function to operator is of the form
Aˆ =
∫
fAˆ(x)Dˆ(x) dx. (5)
The operator Dˆ(x) is called quantizer [8]. We have the bijective map
fAˆ(x)↔ Aˆ. (6)
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Formulas (4) and (5) are self-consistent if the following property of the quantizer and
dequantizer exists
Tr[Uˆ(x)Dˆ(x′)] = δ(x− x′). (7)
The delta-function in (7) is used in the case of continuous variables x, and the Kro-
necker symbol instead of Dirac delta-function is used in the case of discrete variable
x. The introduced map provides the nonlocal associative product (star-product) of
two functions (symbols of operators). The product of two symbols fAˆ(x) and fBˆ(x)
corresponding to two operators Aˆ and Bˆ with the map (4), (5) can be introduced in
the form (see, e.g. [6])
fAˆBˆ(x) = fAˆ(x) ∗ fBˆ(x) =
∫
fAˆ(x
′)fBˆ(x
′′)K(x′,x′′,x)dx′dx′′, (8)
where the kernel of star product K(x′,x′′,x) is of the form
K(x′,x′′,x) = Tr[Dˆ(x′′)Dˆ(x′)Uˆ(x)]. (9)
One can see that the kernel of the star-product (9) is linear with respect to the dequan-
tizer and nonlinear in the quantizer operator. Since the standard product of operators
in a Hilbert space is an associative product Aˆ(BˆCˆ) = (AˆBˆ)Cˆ, the product of functions
(symbols of operators) has to be associative too
fAˆ(x) ∗
(
fBˆ(x) ∗ fCˆ(x)
)
=
(
fAˆ(x) ∗ fBˆ(x)
)
∗ fCˆ(x). (10)
The associativity condition for functions (symbols of operators) means that the kernel
of star-product (9) satisfies the nonlinear equation (see e.g.[8])∫
K(x1,x2,y)K(y,x3,x4)dy =
∫
K(x1,y,x4)K(x2,x3,y)dy. (11)
If we take as operator Aˆ the density operator ρˆ determining some quantum state then
the function fρ(x) (symbol of operator ρˆ) also determines this quantum state. In [9]
the quantizer-dequantizer formalism was used to describe the evolution of a quantum
system and it was shown that if the set of states is invariant with respect to some
unitary evolution, the quantizer-dequantizer provides a classical-like realization of the
system dynamics.
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3 The dual star–product scheme and quantum ob-
servable
Let us consider the following map
f
(d)
Aˆ
(x) = Tr
[
AˆDˆ(x)
]
, (12)
Aˆ =
∫
f
(d)
Aˆ
(x)Uˆ(x) dx. (13)
We permute the quantizer and the dequantizer. It is possible because the compatibility
condition (9) is valid in both cases. We consider the new pair of quantizer–dequantizer
as dual pair to the initial one
Uˆ ′(x) =⇒ Dˆ(x), Dˆ′(x) =⇒ Uˆ(x).
This interchange is possible due to a specific symmetry of the equation (11) for asso-
ciative star–product kernel. The star–product of dual symbols f
(d)
Aˆ
(x), f
(d)
Bˆ
(x) of two
operators Aˆ and Bˆ is described by dual integral kernel
K(d)(x′′,x′,x) = Tr
[
Uˆ(x′′)Uˆ(x′)Dˆ(x)
]
. (14)
The dual kernel (14) is another solution of nonlinear equation (11) [8]. Let us consider
the mean value of quantum observable which is determined by the operator Aˆ
〈Aˆ〉 = Tr(ρˆAˆ) =
∫
fρˆ(x)Tr(Dˆ(x)Aˆ)d x.
Using the expression for dual symbol of operator(12) we obtain the formula
〈Aˆ〉 =
∫
fρ(x)f
(d)
Aˆ
(x)d x.
So, one can see, that the mean value of an observable Aˆ can be calculated as overlap
integral of the tomographic symbol of the density operator fρ(x) in a given quantization
scheme and the symbol f
(d)
Aˆ
(x) of the observable Aˆ in the dual scheme.
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4 Wigner-Weyl symbol
In this section we will consider an example of Heisenberg-Weyl representation. Let us
introduce the operators (we assume Planck constant h¯ = 1)
Uˆ(q, p) =
∫ ∞
−∞
|q + u
2
〉〈q − u
2
|e−ipudu, (15)
and
Dˆ(q′, p′) = 1
2pi
Uˆ(q′, p′), (16)
where |q+u/2〉 is the eigenvector of position operators qˆ, i.e. qˆ|x〉 = x|x〉 and it satisfies
the condition
〈x|x′〉 = δ(x− x′). (17)
Operator (15) is dequantizer operator according to general scheme (4). Operator (16)
is quantizer operator according to (5) in the Wigner-Weyl star-product quantization
scheme. One can check that
Tr
(
Uˆ(q, p)Dˆ(q′, p′)
)
= δ(q − q′)δ(p− p′). (18)
In view of this property according to general scheme of constructions the symbols of
the operators the function
WA(q, p) = Tr
(
Uˆ(q, p)Aˆ
)
(19)
which is Wigner-Weyl symbol of the operator Aˆ determines the operator Aˆ, i.e,
Aˆ =
1
2pi
∫
WA(q, p)Uˆ(q, p) dqdp. (20)
The kernel of star-product of the Wigner-Weyl symbols [10] reads
Tr
(
Dˆ(q1, p1)Dˆ(q2, p2)Uˆ(q3, p3)
)
=
1
2pi2
exp [2i (q1p2 − q2p1 + q2p3 − q3p2 + q3p1 − q1p3)] .
(21)
For example, the symbol of the oscillator ground state is
Wρ(q, p) = Wρ(q, p) = 2 exp
(
−q2 − p2
)
. (22)
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As it can be shown the operator Uˆ can be given in the other form
Uˆ(q, p) = 2Dˆ(2α)Iˆ , (23)
where Iˆ is parity operator, α = q+ip√
2
, Dˆ(2α) is displacement operator. The displacement
operator is expressed through creation and annihilation operators in the form
Dˆ(α) = exp(αaˆ+ − α∗aˆ). (24)
where creation and annihilation operators are expressed through operators of position
qˆ and momentum pˆ of oscillator
aˆ =
qˆ + ipˆ√
2
, aˆ+ =
qˆ − ipˆ√
2
, (25)
The Wigner-Weyl star-product scheme is self-dual due to condition (16). It is worthy
to add that Weyl operators and symbols were investigated e.g. in [11]. A new quantum
mechanical formalism based on the probability representation of quantum states is used
to investigate the special case of the measurement problem, known as Schro¨dingers cat
paradox and the EPR-paradox in [12]. The evolution of the discrete Wigner function
for prime and the power of prime dimensions using the discrete version of the star-
product operation was investigated in [13]. The explicit differential Moyal-like form
of the star product is found and analyzed in the semi-classical limit in [14]. In [15]
the associative star product of functions was investigated with the help of a square
integrable representation of a locally compact group. The Wigner functions and to-
mographic probability distributions of two-qubit states were discussed in [16], where
the kernel of the map, which provides the expression of the state tomogram in terms
of the discrete Wigner function of the two-qubit state and the kernel of the inverse
map and the connection of the constructed maps with the star-product quantization
scheme is obtained in an explicit form. In [17] the evolution of Werner-like mixture
by considering two correlated but different degrees of freedom was introduced and its
tomographic characterization was provided. The Wigner functions for the harmonic
oscillator including corrections from generalized uncertainty principles and the corre-
sponding marginal probability densities are studied in [18]. The investigation of general
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quantum mechanical commutation relations consistent with the Heisenberg evolution
equations was studied in [19]. The review of a family of non-commutative star-products
based on a Weyl map is done in [20].
5 Notion of quantum state in symplectic and optical
tomography approaches
The symplectic tomography was introduced in [21]. Tomographic approach to quantum
states that leads to a probability representation of quantum states was discussed in [22],
[23], [24], [25]. The state in symplectic tomography scheme is determined by probability
distribution function w(X, µ, ν), which is called symplectic tomogram. The generic
linear combination of quadratures which is a measurable observable (h¯ = 1) is of the
form
X̂ = µqˆ + νpˆ , (26)
where qˆ and pˆ are the position and momentum, respectively, and real parameters µ and
ν determine the reference frame in classical phase space. The symplectic tomogram
w (X, µ, ν) is nonnegative function which is normalized with respect to the variable X
(position). The physical meaning of the parameters µ and ν is that they describe an
ensemble of rotated and scaled reference frames in which the position X is measured.
For µ = cos θ and ν = sin θ, the symplectic tomogram coincides with distribution for
the homodyne-output variable used in optical tomography [26], [27] and named optical
tomogram
wopt(X, θ) = w(X, cos θ, sin θ). (27)
The information contained in the symplectic tomogram w (X, µ, ν) is overcomplete. To
determine the quantum state completely, it is sufficient to give the function for argu-
ments with the constraints (µ2 + ν2 = 1) which corresponds to the optical tomography
scheme which is realized experimentally in [28], [29], i.e., µ = cos θ and the rotation
angle θ labels the reference frame in classical phase space. Symplectic tomogram can
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be reconstructed from optical tomogram using the relation
w(X, µ, ν) =
1√
µ2 + ν2
wopt
(
X√
µ2 + ν2
, arctg
ν
µ
)
. (28)
The process of Stimulated Raman Scattering was investigated in the frame of the sym-
plectic tomography representation in [30]. The quantum entanglement in Raman Scat-
tering was investigated in [31], [32].
6 Symplectic tomography in the framework of star-
product quantization
The tomographic symbol wAˆ(x) of the operator Aˆ is obtained by means of the dequan-
tizer operator of the form
Uˆ(X, µ, ν) = δ(X 1ˆ− µqˆ − νpˆ)
where vector x = (X, µ, ν) has the arguments which are real numbers, 1ˆ is identity
operator. The quantizer operator in symplectic tomography is
Dˆ(X, µ, ν) = 1
2pi
exp
(
iX 1ˆ− iνpˆ− iµqˆ
)
.
The kernel of star–product given by (9) of two tomographic symbols of operators Aˆ and
Bˆ has the following form [6], [7]
K(X1, µ1, ν1, X2, µ2, ν2, Xµ, ν) =
δ
(
µ(ν1 + ν2)− ν(µ1 + µ2)
)
4pi2
× exp
( i
2
{
(ν1µ2 − ν2µ1) + 2X1 + 2X2 − 2(ν1 + ν2)X
ν
})
.
Let us consider the mean value of quantum observable Aˆ
〈Aˆ〉 = Tr(ρˆAˆ) = Tr
∫
w(X, µ, ν)Dˆ(X, µ, ν)Aˆ dX dµ dν =∫
w(X, µ, ν)Tr(Dˆ(X, µ, ν)Aˆ), dX dµ dν.
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For this purpose we introduce the dual tomographic symbol (12) in symplectic tomog-
raphy scheme
w
(d)
Aˆ
(X, µ, ν) = Tr
[
AˆDˆ(X, µ, ν)
]
.
Then for the mean value of observable 〈Aˆ〉 one has
〈Aˆ〉 =
∫
w(X, µ, ν)w
(d)
Aˆ
(X, µ, ν) dX dµ dν.
The mean value of an observable Aˆ in symplectic tomography scheme is given by the
overlap integral of the symplectic tomogram (the tomographic symbol of the density
operator) w(X, µ, ν) in the given quantization scheme and the symbol w
(d)
Aˆ
(X, µ, ν) of
the observable Aˆ in the dual scheme. The tomograms and the eigenvalues of energy
are shown to be computed in terms of tomographic symbols in [33]. The dynamic of
quantum particles was described by the Kolmogorov equations for non-negative propa-
gators in the tomography representation in [34]. The symmetrized product of quantum
observables is defined in [35].
7 Photon–number tomography as example of star–
product quantization
The photon-number tomography was introduced in [36], [37], [38] and developed in [39],
[40], [41], [42]. It is the method to reconstruct density operator of quantum state using
measurable probability distribution function (photon statistics) called photon-number
tomogram. In photon–number tomography the discrete random variable is measured
for reconstructing quantum state. The photon–number tomogram
ω(n, α) = 〈n | Dˆ(α)ρˆDˆ−1(α) | n〉 (29)
is the function of integer photon number n and complex number α, ρˆ is the state
density operator. The photon–number tomogram is the photon distribution function
(the probability to have n photons) in the state described by the displaced density
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operator. For example, the photon–number tomograms of excited oscillator states with
density operators ρˆm =| m〉〈m | are
w(m)(n, α) =
n!
m!
| α |2(m−n) e−|α|2
(
Lm−nn (| α |2)
)2
, m ≥ n ,
w(m)(n, α) =
m!
n!
| α |2(n−m) e−|α|2
(
Ln−mm (| α |2)
)2
, m ≤ n, (30)
where Lmn (x) are Laguerre polynomials. In [43] the state reconstruction from the mea-
surement statistics of phase space observables generated by photon number states was
considered.
Let us consider photon–number tomogram in the framework of star–product quan-
tization following [44], [45], [46], [47]. In the given photon–number tomography quan-
tization scheme the dequantizer operator is of the form
Û(x) = Dˆ(α)|n〉〈n|Dˆ−1(α), x = (n, α). (31)
The quantizer operator in photon number tomography scheme is
D̂(x) = 4
pi(1− s2)
(
s− 1
s+ 1
)(aˆ†+α∗)(aˆ+α)−n
, (32)
where s is ordering parameter [48], α is complex number (α = Reα + i Imα), D(α) is
the Weyl displacement operator (24). The kernel (9) of star–product of photon–number
tomograms in the photon–number tomography quantization scheme is
K(n1, α1, n2, α2, n3, α3) = Tr[Dˆ(n1, α1)Dˆ(n2, α2)Uˆ(n3, α3)]. (33)
In explicit form it is
K(n1, α1, n2, α2, n3, α3) =
( 4
pi(1− s2)
)2
exp(it(n1 + n2 − 2n3)) exp[−| − α3 + α1
−α1e−it + α2e−it − α2e−2it + α3e−2it|2 + 1
2
((−α3α∗1 + α∗3α1 − α1α∗2 + α∗1α2 − α2α∗3
+α∗2α3 + α3α
∗
1e
it∗ − |α1|2eit∗ − α3α∗2eit
∗
+ α1α
∗
2e
it∗ − α∗3α1e−it + |α1|2e−it
+α∗3α2e
−it − α∗1α2e−it + α3α∗2e2it
∗ − α1α∗2e2it
∗
+ α1α
∗
2e
−it+2it∗ − |α2|2e−it+2it∗
−|α3|2e2it∗ + α1α∗3e2it
∗ − α1α∗3e−it+2it
∗
+ α2α
∗
3e
−it+2it∗ − α∗3α2e−2it + α∗1α2e−2it
−α∗1α2eit
∗−2it − |α2|2eit∗−2it + |α3|2e−2it − α∗1α3e−2it + α∗1α3eit
∗−2it − α∗2α3eit
∗−2it)]
×Ln3(| − α3 + α1 − α1e−it + α2e−it − α2e−2it + α3e−2it|2), (34)
12
where
s− 1
s+ 1
= eit
and Ln(x) is Laguerre polynomial. The kernel (34) is solution of equation (11).
8 The relation of optical tomogram and photon num-
ber tomogram
In this section we find the relations among optical, symplectic and photon numbers
tomograms of quantum state following [44]. The photon number tomogram can be
expressed in terms of the symplectic tomogram by using the integral transform [45]
ω(n, α) =
∫
w(X, µ, ν)K(X, µ, ν, n, α) dX dµ dν. (35)
Here the kernel of the integral transform is expressed in terms of matrix elements of
the displacement operator
K(X, µ, ν, n, α) =
1
2pi
〈n | Dˆ(−α)ei(X−µqˆ−νpˆ)Dˆ(α) | n〉. (36)
The explicit dependence of the kernel on the real parameters of the symplectic transform
is given by the expression
K(X, µ, ν, n, α) =
1
2pi
exp
[
iX +
ν − iµ√
2
α∗ − ν + iµ√
2
α
]
〈n | Dˆ
(
ν − iµ√
2
)
n〉. (37)
Using the known formula for the diagonal elements of the displacement operator
Dnn(γ) = 〈n | Dˆ(γ) | n〉 = e−
|γ|2
2 Ln(| γ |2), (38)
where γ = (ν + iµ)/
√
2, one has the kernel expressed in terms of Laguerre polynomial
K(X, µ, ν, n, α) =
1
2pi
exp
[
iX +
ν − iµ√
2
α∗ − ν + iµ√
2
α
]
Ln
(
ν2 + µ2
2
)
. (39)
In view of this the photon number tomogram is expressed in terms of optical tomogram
as follows
w(n, α) =
1
2pi
∫ 2pi
0
∫ ∞
0
∫ ∞
−∞
k exp
[
ik
(
X −
√
2(α1 cos θ + α2 sin θ)
)
− k
2
4
]
×Ln
(
k2
2
)
w0(X, θ) dθ dk dX. (40)
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Here α is the complex number(α = α1 + iα2). Let us introduce the characteristic
function
F (k, θ) =
∫
eikXw0(X, θ) dX = 〈eikX〉, k ≥ 0. (41)
Then the photon number tomogram reads
w(n, α) =
1
2pi
∑
m
∫ 2pi
0
∫ ∞
0
k exp
[
−ik
√
2 (α1 cos θ + α2 sin θ)− k
2
4
]
×Ln
(
k2
2
)
(i)m
km
m!
〈Xm〉θ dk dθ. (42)
Here we introduce moments of optical tomogram 〈Xm〉θ =
∫
w(X, θ)Xm dX. Let us
consider an example of excited oscillator state ρˆm =| m〉〈m | . One can show that the
tomogram of this state reads
wm(X, µ, ν) =
e
− X2√
µ2+ν2√
pi(µ2 + ν2)
1
m!
1
2m
H2m
(
X√
µ2 + ν2
)
. (43)
Applying general relation (35) we get for m ≤ n
m!
n!
| γ |2(n−m) e−|γ|2
(
Ln−mm (| γ |2)
)2
=
∫
1
2pi
exp
[
iX +
ν − iµ√
2
γ∗ − ν + iµ√
2
γ
]
×e− ν
2
+µ2
4 Ln(
ν2 + µ2
2
)
e
− X2√
µ2+ν2√
pi(µ2 + ν2)
1
m!
1
2m
H2m
(
X√
µ2 + ν2
)
dX dµ dν (44)
which provides a new integral relation of Hermite and Laguerre polynomials [44], [45].
For ground state with optical tomogram
w0(X, θ) =
−eX2√
pi
one has the photon number tomogram
w0(n, α) =
e−|α|
2
n!
|α|2n.
which is Poissonian distribution. It is necessary to add that optical tomograms of the
time-evolved states generated by the evolution of different kinds of initial wave packets
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in a Kerr medium and optical tomograms of maximally entangled states generated at
the output modes of a beam splitter was theoretically studied in [49], [50]. In [51] a
review of the Radon transform and the instability of the tomographic reconstruction
process were discussed.
9 Classical Tomographic Symbols
In this section we review following [24], [52], [53], [54], [55] the consideration of classical
mechanics within the framework of the tomographic representation. The reversible
relationship between the tomogram wf(X, µ, ν) of the probability distribution f(q, p)
in classical mechanics was defined in [55] as follows:
wf(X, µ, ν) =
1
2pi
∫
f(q, p)δ(X − µq − νp) dq dp,
f(q, p) =
1
2pi
∫
wf (x, µ, ν)e
i(X−µq−νp) dX dµ dν. (45)
Here we assumed the normalization condition for f(q, p) to be
1
2pi
∫
f(q, p) dq dp = 1
analogously to the normalization condition of the Wigner function W (q, p) in quantum
mechanics [56].
According to [52] in classical mechanics one can introduce the operators Aˆcl for
which their formal Weyl symbol WAcl(q, p) coincides with a classical observable A(q, p),
i.e.,
WAcl(q, p) = 2Tr AˆclDˆ(2α)Iˆ = A(q, p).
Thus we interpret a function in the phase space as Wigner–Weyl symbol of an operator
Aˆcl acting in Hilbert space. Consequently, we can consider the phase-space function
A(q, p) as the classical Weyl symbol of the corresponding observable in classical me-
chanics. The quantum tomographic symbol for a unity operator was found in [57]. Due
to mentioned above, we have the same result for the classical tomographic symbol, i.e.,
w1(X, µ, ν) = −pi|X|δ(µ)δ(ν). (46)
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Since in quantum mechanics Weyl symbols for the position operator qˆ and momentum
operator pˆ are c-numbers q and p, in view of Eqs. (45), we have for both classical and
quantum tomographic symbols:
wq(X, µ, ν) =
pi
2
X|X|δ′(µ)δ(ν),
wp(X, µ, ν) =
pi
2
X|X|δ(µ)δ′(ν).
10 Star-product kernel of classical tomographic sym-
bols
In this Section we present the kernel of star-product of functions-symbols of operators in
classical mechanics and show its connection with star-product of quantum tomographic
symbols of operators. The star-product kernel K(X, µ, ν,X1, µ1, ν1, X2, µ2, ν2) for two
tomographic symbols w1(X1, µ1, ν1) and w2(X2, µ2, ν2) of observables was defined in [52]
as follows:
w(X, µ, ν) =
∫
K(X, µ, ν,X1, µ1, ν1, X2, µ2, ν2)w1(X1, µ1, ν1)
×w2(X2, µ2, ν2) dX1 dµ1 dν1 dX2 dµ2 dν2, (47)
where by the definition
w(X, µ, ν) = w1(X, µ, ν) ∗ w2(X, µ, ν).
To find the explicit form of tomographic star-product kernelK(X, µ, ν,X1, µ1, ν1, X2, µ2, ν2),
let us substitute in the definition of tomographic symbol the point-wise product of
functions A(q, p) and B(q, p) and then express these functions (classical Weyl sym-
bols) through its tomographic symbols. This leads to the result for the commutative
star-product kernel of the tomographic symbols:
K(X, µ, ν,X1, µ1, ν1, X2, µ2, ν2) =
1
(2pi)2
ei(X1+X2−X(ν1+ν2)/ν)δ
(
ν(µ1 + µ2)− µ(ν1 + ν2)
)
.
(48)
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Analogously we can find the star-product kernel for quantum tomographic symbols [6]
if we consider WA(q, p) and WB(q, p) as usual quantum Weyl symbols of the opera-
tors Aˆ and Bˆ with the Weyl noncommutative star-product. The relationship between
tomographic star-product kernels in quantum and classical mechanics reads
Kquant(X, µ, ν,X1, µ1, ν1, X2, µ2, ν2) = Kclassic(X, µ, ν,X1, µ1, ν1, X2, µ2, ν2)e
[i(µ2ν1−µ1ν2)/2].
The relation between the quantum state description and the classical state description
is elucidated in [58]. In [59] Brownian motion was considered in the space of fields
and was shown that the corresponding probability distribution can be approximately
described by the same mathematical formalism as is used in quantum mechanics and in
theory of Hermitian operators in complex Hilbert space. In [60] the review of classical
probability representations of quantum states and observables is done and is shown that
the correlations of the observables involved in the Bohm–Bell type experiments can be
expressed as correlations of classical random variables. The quantum–classical limits
for quantum tomograms are studied and compared with the corresponding classical to-
mograms in [61]. In [62] a tomographic representation of quantum cosmology, in which
tomograms (standard positive probability distribution functions) describe the quantum
state of universe instead of the wave functions or density matrices was considered. The
extension of the tomographic maps to the quantum case and a Weyl-Wigner quantiza-
tion in the classical case are considered in [63]. In [64] superspace (instead of Hilbert
space) was employed in order to describe time evolution of density matrices in terms of
path integrals, which are formally identical for quantum and classical mechanics. In [65]
an alternative theory of hybrid classical-quantum dynamics based on notions of phase
space was proposed. In [66] the classical limit of the Wigner function was considered
and was discussed its transform into a classical Koopman–von Neumann wave function
rather than into a classical probability distribution.
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11 Conclusion
We resume the main results of our paper. We presented review of the map construction
which provides the correspondence rule between the operators acting in a Hilbert space
and the functions of some variables. The construction of the map is based on using
the pair of operators depending on these variables called quantizer and dequantizer
operators. These operators give possibility to consider the operators acting in Hilbert
space as a vectors and the functions (symbols of operators) as components of these
vectors which are coordinates in specific basis in the linear space. Then the pair of
quantizer and dequantizer operators correspond to the bases in the linear space provid-
ing the possibility to consider any operator in Hilbert space as a vector in the linear
space which is given if the components of the vector in this basis are known. Several
examples of such construction were considered. Wigner-Weyl symbols of operators,
symplectic tomographic symbols, photon number tomographic symbols were studied
using the pairs of corresponding quantizer-dequantizer operators. In this formalism the
evolution equation for quantum states can be written in the form of kinetic equation
for the probability distribution [67]. The evolution of tomograms for different quantum
systems, both finite and infinite dimensions was considered in [68]. A method based
on tomography representation to simulate the quantum dynamics was applyed to the
wave packet tunneling of one and two interacting particle in [69]. Non-orthogonal bases
of projectors on coherent states were introduced to expand Hermitean operators acting
on the Hilbert space of a spin s in [70].
In our work we discuss the kernels of star-product of symbols in the case of mentioned
examples. These kernels generalized the known Gro¨enweld kernel which provides the
associative product of the Wigner–Weyl symbols [10]. So, we consider in this article
the examples of infinite dimensional Hilbert spaces. The analogous construction exists
for finite dimensional Hilbert spaces corresponding to the states of spins and qudits
[71], [72], [73], [74], [75], [76], [77], [78]. In [79] a class of deformed products for spin
observables is presented. A review of different quantum-optical states defined in finite-
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dimensional Hilbert space of operators which have a discrete spectrum was considered
in [80]. The methods of star-product, tomography and probability representation of
quantum mechanics applied to different problems of quantum phenomens in [81]-[92].
The quantization method based on star-product of functions can be applied for studying
the process in different areas of physics.
References
[1] W. Heisenberg, Z.Phys., 43, 172 (1927)
[2] E. Schro¨dinger, Ber. Kgl. Akad.Wiss. Berlin, 24, 296 (1930)
[3] H. P. Robertson,Phys. Rev.A, 35, 667 (1930)
[4] M. Laudato, G. Marmo, F. M. Mele, F. Ventriglia and P. Vitale, J. Phys. A: Math.
and Theor., 51 055302 (2018)
[5] A. Vourdas, J. Phys. A: Math. Gen., 39, R65 (2006)
[6] O. V. Man’ko, V. I. Man’ko and G. Marmo, J. Phys. A: Math. Gen., 35, 699 (2002)
[7] O. V. Man’ko, V. I. Man’ko and G. Marmo, ”Tomographic map within the frame-
work of star-product quantization”, in: E. Kapuschik, A. Morzela (Ed.) Proceed-
ings of the conference “Quantum Theory and Symmetries”, Krakow, 2001, World
Scietific p. 126 (2002)
[8] O. V. Man’ko, V. I. Man’ko, G. Marmo and P. Vitale, Phys. Lett. A, 360, 522
(2007)
[9] F. M. Ciaglia, F. di Cosmo, A. Ibort and G. Marmo, Ann. Phys., 385, 769 (2017)
[10] H. Gro¨newold, Physica, 12, 405 (1946)
[11] M. de Gosson, ”Quantum Harmonic Analysis of the Density Matrix: Basics”,
Preprint, arXiv:1703.00889 [quant-ph] (2017)
19
[12] J. Foukzon, A. A. Potapov, E. Menkova and S. A. Podosenov, ”A New Quan-
tum Mechanical Formalism Based on the Probability Representation of Quantum
States”, Preprint, viXra:1612.0298 (2016)
[13] A. B. Klimov and C. Mun˜oz, J. Opt. B: Quantum Semiclass. Opt., 7, S588 (2005)
[14] A. B. Klimov and J. L. Romero, J. Phys. A: Math. Theor., 41, 055303 (2008)
[15] P. Aniello,J. Phys. A: Math. Theor., 42, 475210 (2009)
[16] P. Adam, V. A. Andreev, I. Ghiu, A. Isar, M. A. Manko and V. I. Manko, J. Russ.
Las. Res., 35, 427 (2014)
[17] A. Felicetti, S. Mancini and P. Tombesi, Phys. Rev. A, 65, 062107 (2002)
[18] S. Das, M. P. G. Robbins and M. A. Walton, Canadian Journal of Physics, 94,
139 (2016)
[19] P. Basiak, A. Horzela and E. Kapucik, J. Opt. B: Quantum Semiclass. Opt., 5,
S245 (2003)
[20] F. Lizzi and P. Vitale, SIGMA, 10, 36 (2014)
[21] S. Mancini, V. I. Man’ko and P. Tombesi, Phys. Lett. A, 213, 1 (1996)
[22] S. Mancini, V. I. Man’ko and P. Tombesi, Found. Phys., 27, 801 (1997)
[23] S. Mancini, V. I. Man’ko and P. Tombesi, J. Opt. B: Quantum Semiclass. Opt., 7,
615 (1995)
[24] O. V. Man’ko and V. I. Man’ko, J. Russ. Las. Res., 18, 407 (1997)
[25] M. Caponigro, S. Mancini and V. I. Man’ko, Fortschritte der Physik, 54, 602 (2006)
[26] J. Bertrand and P. Bertrand, Found. Phys., 17, 397 (1989)
[27] K. Vogel and H. Risken, Phys. Rev. A, 40, 2847 (1989)
20
[28] D. T. Smithey, M. Beck, M. G. Raymer and A. Faridani, Phys. Rev. Lett., 70,
1244 (1993)
[29] S. Shiller, G. Breitenbach, S. F. Pereira, T. Muller and J. Mlynek, Phys. Rev.
Lett., 77, 2933 (1996)
[30] S. V. Kuznetsov, O. V. Man’ko and N. V. Tcherniega, J. Opt. B: Quantum Semi-
class. Opt, 5, 5503 (2003)
[31] S. K. Giri, B. Sen, A. Pathak and P. C. Jana,Phys. Rev. A, 93, 012340 (2016)
[32] A. Pathak, J. Kr˜epelka and J. Per˜ina, Phys. Lett. A, 377, 2692 (2013)
[33] M. R. Bazrafkan and E. Nahvifard, J. Russ. Laser Res., 30, 392 (2009)
[34] V. S. Filinov, G. Schubert, P. Levashov, M. Bonitz, H. Fehske, V. E. Fortov and
A. V. Filinov, Phys. Lett. A, 372, 5064 (2008)
[35] S. Prvanovic´, Int. J. Theor. Phys., 51, 2743 (2012)
[36] A. Wallentowitz and W. Vogel, Phys. Rev. A, 53, 4528 (1996)
[37] K. Banaszek and K. Wodkiewicz, Phys. Rev. Lett., 76, 4344 (1996)
[38] S. Mancini, V. I. Man’ko and P. Tombesi, Europhys. Lett., 37, 79 (1997)
[39] O. V. Man’ko and V. I. Man’ko, J. Rus. Laser Res., 24, 497 (2003)
[40] O. V. Man’ko, Photon Tomography for Two-Mode Squeezed States, in: H. Moya-
Cessa, R. Jauregui, C. Hacyan, O. Castanos (Ed.) Proc. of the Intern. Conf. on
Squeezed States and Uncertainty Relations, Puebla, Mexica, 9-13 June 2003, Rin-
ton Press, p. 254 (2003)
[41] S. V. Kuznetsov and O. V. Man’ko, ”Entanglement and photon number probability
distribution function for stimulated Raman scattering,” in: Vitaly V. Samartsev
(Ed.) Proceedings of International Workshop on Quantum Optics, Sankt-Peterburg,
2003, Proc. SPIE, 5402, 302 (2004)
21
[42] O. V. Manko and N. V. Tcherniega, Photon-Number Tomography and Symplectic
Approach to Stimulated Raman Scattering, in: H. A. Bahor, A. D. Bandrauk, P. B.
Corkum, M. Drescher, M. Fedorov, S. Haroche, S. Kilin, A. Sergienko (Ed.), Proc.
of Intern. Conf. on Lasers, Applications and Technologies (LAT2005), Peterburg,
2005, Proc. SPIE, 6256, 62560W-1 (2006)
[43] J. Kiukas, J-P Pellonpaa and J. Schultz, J. Phys. A: Math. Theor., 43, 095303
(2010)
[44] O. V. Manko and V. I. Manko, Laser Phys., 19, 1804 (2009)
[45] O. V. Manko and V. I. Manko, Physica Scripta, 140, 014028 (2010)
[46] O. V. Man’ko, ”Star-product formalizm in quantum and classical mechanics,” in:
A. Yu. Khrennikov, G. Jaeger, M. Schlosshauer, G.Weihs (Ed.), Advances in Quan-
tum Theory, Proceedings of the International Conference on Advances in Quantum
Theory, Sweden, 2010, AIP Conference Proceedings 1327 166 (2011)
[47] O. V. Man’ko, ”Photon-number tomography and fidelity,” in: A. Khrennikov, H.
Atmanspacher, A. Migdall, S. Polykov Proceedings of Quantum Theory: Recon-
sideration of Foundations - 6, Va¨xjo¨, Sweden, 2012, AIP Conference Proceedings
1508 275 (2012)
[48] K. E. Cahill and R. J. Glauber, Phys. Rev., 177, 1882 (1969)
[49] M Rohith and C. Sudheesh, Phys. Rev. A, 92, 053828 (2015)
[50] M. Rohith and C. Sudheesh, JOSA B, 33, 126 (2016)
[51] P. Facchi, M. Ligabo´ and S. Solimini, Phys. Scr., 90, 074007 (2015)
[52] O. V. Man’ko and V. I. Man’ko, J. Russ. Laser Res., 25, 115 (2004)
[53] O. V. Man’ko and V. I. Man’ko, J. Russ. Laser Res., 22, 149 (2001)
[54] O. V. Man’ko and V. I. Man’ko, J. Russ. Laser Res., 25, 477(2004)
22
[55] O. V. Man’ko, V. I. Man’ko and O. V. Pilyavets, J. Russ. Laser Res., 26, 429
(2005)
[56] E. Wigner, Phys. Rev., 40, 749 (1932)
[57] V. I. Man’ko, V. A. Sharapov and E. V. Shchukin, J. Russ. Laser Res., 24, 180
(2003)
[58] M. Asorey, A. Ibort, G. Marmo and F. Ventriglia, Phys. Scr., 90, 074031 (2015)
[59] A. Khrennikov, Physica A: Statistical Mechanics and its Applications, 393, 207
(2014)
[60] A. Khrennikov and A. Alodjants, Entropy, 21, 157 (2019)
[61] V. I. Man’ko, G. Marmo, A. Simoni, A. Stern and F. Ventriglia, Phy. Lett. A, 343,
251 (2005)
[62] C. Stornaiolo, ”Tomographic Represention of Quantum and Classical Cosmology”,
in: C. Moreno Gonzlez, J. Madriz Aguilar, L. Reyes Barrera (Ed.) Accelerated
Cosmic Expansion. Proceedings of the Fourth International Meeting on Gravitation
and Cosmology, Astrophysics and Space Science Proceedings 38 Springer (2014)
[63] P. Facchi and M. Ligabo´, ”Classical and quantum aspects of tomography”, in:
M. Asorey, J. Clemente-Gallardo, E. Martnez, J. F. Cariena (Ed.) Proceedings of
XVIII International Fall Workshop on Geometry and Physics, Benasque, Spain,
2009, AIP Conference Proceedings 1260 3 (2010)
[64] H.-T. Elze, G. Gambarotta and F. Vallone, International Journal of Quantum
Information, 09, 203 (2011)
[65] H.-T. Elze, J. Phys.: Conference Series, 361, 012004 (2012)
[66] D. I. Bondar, R. Cabrera, D. V. Zhdanov and H. A. Rabitz, Phys. Rev. A, 88,
052108 (2013)
23
[67] G. G. Amosov, Ya. A. Korennoy and V. I. Man’ko, Phys. Rev. A, 85, 052119
(2012)
[68] K. Thapliyal, S. Banerjee and A. Pathak, Annals of Physics, 366, 148 (2016)
[69] A. S. Arkhipov and Yu. E. Lozovik, Phys. Lett. A, 319, 217 (2003)
[70] J. P. Amiet and S. Weigert, J. Opt. B: Quantum Semiclass. Opt. , 2, 118 (2000)
[71] V. V. Dodonov and V. I. Man’ko, Phys. Lett. A, 229, 335 (1997)
[72] V. I. Man’ko and O. V. Man’ko, J. Exp. Theor. Phys., 85, 430 (1997)
[73] O. V. Man’ko, ”Tomography of spin states and classical formulation of quantum
mechanics,” in: B. Gruber, M. Ramek (Ed.), Proceedings of International Con-
ference “Symmetries in Science X”, Bregenz, Austria, 1997, Plenum Press, New
York , p. 207 (1998)
[74] J. P. Amiet and S. Weigert, J. Opt. B: Quantum Semiclass. Opt., 1, L5 (1999)
[75] O. Castan˜os, R. Lo´pez-Pen˜a, M. A. Man’ko and V. I. Man’ko, J. Phys.: Math.
Gen., 36 4677 (2003)
[76] A. Figueroa, J. A. Lopez-Saldivar, O. Castanos and R.Lopez-Pena, ”Extremal
Density Matrices for Qudit States,” Preprint arXiv:1609.09835 [math-ph] (2016)
[77] S. N. Filippov and V. I. Manko, J. Russ. Las. Res., 30, 129 (2009)
[78] E. Kiktenko and A. Fedorov, Phys. Lett. A, 378, 1704 (2014)
[79] E. di Grezia, G. Esposito and G. Miele, International Journal of Geometric Meth-
ods in Modern Physics 06 201 (2009)
[80] A. Miranowicz, W. Leonski and N. Imoto, ”Quantum-opticall states in finite-
dimensional Hilbert space I: general formalism,” in: M. W. Evans (Ed).Modern
Nonlinear Optics, Advances in Chemical Physics 199, part 1, John Wiley / Sons,
p. 155 (2002)
24
[81] R. A. Mosna and J. Vaz Jr., Phys. Lett. A, 315, 418 (2003)
[82] R. Dermez and S. Abdel-Khalek, J. Russ. Laser Res., 32, 287 (2011)
[83] E. M. Khalil, M. S. Abdalla and A. S.-F. Obada, J. Phys. B: At. Mol. Opt. Phys.
43 095507 (2010)
[84] Y. Lu, H. Liu and Q. Zhao, Annals of Physics, 360, 161 (2015)
[85] Yu. M. Belousov, S. N. Filippov, V. N. Gorelkin and V. I. Manko, J. Russ. Laser
Res., 31, 421 (2010)
[86] A. S. Baturin, V. N. Gorelkin and R. Singh, Opt. Spectrosc., 94, 895 (2003)
[87] C. Uchiyama, Phys. Scr. 90 074064 (2015)
[88] B. Koczor, R. Zeier and S. J. Glaser, ”Continuous phase-space representa-
tions for finite-dimensional quantum states and their tomography,” Preprint
arXiv:1711.07994v3 [quant-ph] (2018)
[89] M. Rezaee, M. A. Jafarizaden and M. Mirzaee, International Journal of Quantum
Information, 05, 367 (2007)
[90] E. M. A. Hilal, Results in Physics, 7, 4412 (2017)
[91] G. P. Miroshnichenko,”CQED quantum tomography of a microwave range,”
Priprent arXiv:1510.03155 [quant-ph](2015)
[92] Q. Xiao Q and G. Jun-Yi, Chinese Phys. B, 21, 020303 (2012)
25
